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Abstract 

We study the one loop renormalization in the most general metric-dilaton theory with 
the second derivative terms only. Classical action includes three arbitrary functions of dila¬ 
ton. The general theory can be divided into two classes, models of one are equivalent to 
conformally coupled with gravity scalar field and also to general relativity with cosmological 
term. The models of second class have one extra degree of freedom which corresponds to 
dilaton. We calculate the one loop divergences for the models of second class and find that 
the theory is not renormalizable off mass shell. At the same time the arbitrary functions 
of dilaton in the starting action can be fine-tuned in such a manner that all the higher 
derivative counterterms disappear on shell. The only structures in both classical action and 
counterterms, which survive on shell, are the potential (cosmological) ones. They can be 
removed by renormalization of the dilaton field which acquire the nontrivial anomalous di¬ 
mension, that leads to the effective running of the cosmological constant. For some of the 
renormalizable solutions of the theory the observable low energy value of the cosmological 
constant is small as compared with the Newtonian constant. We also discuss another ap¬ 
plication of our result. In particular, our calculations in a general dilaton model in original 
variables give the possibility to estimate quantum effects in A + aR + j3R 1 2 theory. 
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1 Introduction 


Recently it has been a considerable interest to the metric - scalar gravity in four dimensions. 
The active research in this held was inspired by different reasons (see [If] for the interesting 
discussion of the subject). In particular, the effective action of (super)string depends on 
both metric and dilaton (see, for example, [|2j). Such an effective action arise in a form of 
the power series in a string loop parameter a', and the standard point of view is that the 
higher orders in such an expansion correspond to higher energies. From this point of view at 
lower energy scale the action for gravity has the form of the lower derivative dilaton action. 
From another hand the presence of dilaton in a low derivative gravity action leads to the 
inflationary cosmological solution, that enables one to solve some specific problems in the 
held of cosmology. The problem of classical solutions and the cosmological phase transitions 
in a dilaton theory has been extensively studied (see, for example, BBSS 0)- Moreover 
it turned out that some special version of the dilaton gravity is classically equivalent to 
the restricted higher derivative gravity theory which include only square of scalar curvature 
in addition to Hilbert-Einstein action 11 , a (see also the last paper for more complete 
references). This theory is also of big cosmological interest because it enables one to construct 
the inhationary solutions |L(| [11], [L2|, [13], |(|). 

Perhaps the completely consistent theory of quantum gravity can be constructed within 
the string model, and gravity will be described by effective action within this frame. However 
the string theory can be valid at the Planck energies and above, and if one wish to deal with 
the energies below Planck scale, it is natural to suppose that the quantum effects of gravity 
will be related with some low energy action. One can, for instance, apply higher derivative 
gravity for this purposes. Higher derivative gravity is renormalizable |F|, |K| and allow the 
renormalization group study of some physical effects like asymptotic freedom [H| [L7|, [L8|] and 
phase transitions [^, j2f[] , but not unitary (at least within the usual perturbation scheme (see 
for the introduction and more complete references). Thus at the moment we do not have 
any consistent theory which is applicable below Planck scale and any researchment in this 
held is based on the choice of some model, which allow us to explore some quantum gravity 
effects. In present paper we consider the four dimensional metric-dilaton model including 
the second derivative terms only. We choose the most general action including arbitrary 
functions A, B,C of the dilaton 0. 

S = j d 4 xy/=g {A^g^d^d^ + B(4>)R + C(<j>)} (1) 

that covers all special cases including the string inspired action, special (relevant from cos¬ 
mological viewpoint) case of higher derivative gravity and also admit some other interesting 
applications. Such a model is non-renormalizable that can be seen already from power count¬ 
ing consideration. Indeed one can suppose that all necessary counterterms are introduced 
from the very beginning, but then the finite parts of the amplitudes and also the ’’beta 
functions” for the generalized couplings will be ill defined because of relevant gauge fixing 
and parametrization dependence and therefore any analysis becomes inconsistent. However 
there are a few possibilities to obtain some sound results for the theory ([[]) on quantum 
level. First of all there is some interest to explore the one-loop renormalization of the theory 
and to compare the results with the ones for General Relativity ^3| . In the last case all the 
one-loop counterterms vanish (if the cosmological term is lacking) on mass shell and hence 
the one-loop S'-matrix is finite. The theory with cosmological constant is renormalizable 
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go , however if one introduce the matter fields the one loop renormalizability is lacking even 


on mass shell. It should be interesting to know, whether it is so for the dilaton model (jl|). In 
this case the situation is much more complicated, because the amount of possible countert¬ 
erms is essentially higher as compared with the pure metric theory. It turns out, however, 
that it is possible to reduce the counterterms to the few structures which survive on mass 

shell. 

Furthermore, if the consideration is restricted by the one-loop on shell case, then the 
theory with cosmological term C(4>) can be renormalizable that leads to some general con¬ 
jectures about the high energy behavior of quantum gravity m • Next, we can restrict 
ourselves by some special backgrounds where the theory is renormalizable. For example, 
the cosmological inflationary background provides the renormalizability of the special higher 
derivative model which is the particular case of the above model g|J . On the other hand one 
can introduce an additional constraint on the background dilaton and regard it as constant. 
This way is also of some cosmological interest, because the renormalizability in the potential 
sector enables one to evaluate the significance of quantum gravity for the cosmological phase 
transitions. 

The action (HD may be viewed as the second derivative part of the general (fourth deriva¬ 
tive) model of the dilaton gravity, which has been recently inversigated in |25|. In [g5j] we 
have restricted ourselves by the case when only the scalar held is the quantum variable. 
Despite the general case is very interesting, the explicit calculations are too cumbersome 
because of the presence of higher derivatives. Here we perform the one-loop calculations in 
the theory (|TD, considering both fields 0 and g^ w as quantum ones. We start with the general 
model (Tp and then turn to the analysis of special cases. 

The paper is organized as follows. In section 2 we discuss the different conformally 
equivalent forms of the theory ([|), and show that all of them can be divided into two 
sets. Models of one set are classically equivalent to conformal scalar - metric theory and, 
simultaneously, to General Relativity. The models of second set include physical degrees of 
freedom, corresponding to the dilaton (or conformal factor), and in forthcoming sections we 
restrict the consideration only by the models of this class. In section 3 the general structure 
of renormalization of ([D) is explored both off and on mass shell. In section 4 we calculate of 
the one-loop counter terms. To make this we apply the method which was developed in (27j 
within the two dimensional dilaton gravity. It turns out that it is useful in d — 4 as well, 
and not only in the model (HP but also in the higher derivative dilaton gravity formulated 
recently in |25| (see also discussion in [[H]]). In section 5 the concrete analysis of the on 
shell renormalization of the model is performed. Here we fine tune the functions A and 
B to provide one-loop finiteness of the theory without C term. If the potential term is 
included then the one loop on shell renormalizability require the vanishing of the Einstein 
counterterm. As a result we face with the cosmological type divergences only, and it turns 
out that they can be removed by renormalization of the scalar dilaton held. In section 6 the 
renormalization of the dilaton theory (H|) interacted with matter fields is discussed. It turns 
out that qualitatively the structure of counterterms is the same as in the Einstein gravity, 
and the dilaton - metric theory with matter is non-renormalizable even on mass shell. In 
section 7 we give the qualitative discussion of the renormalization in two special cases, one 
of them is rather interesting and has to be analyzed separately. The last section consists in 
discussion of the results. 
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2 General notes on the dilaton gravity 


If we are interested to understand the parametrization dependence of the dilaton action, it 
is useful to start with the simple particular case of the general action (HD- 

S = j d A xyf^' {5'4> + H(4>)} (2) 

Here the curvature R' corresponds to the metric g' and g' = det(g^ u ). Let now transform 
this action to new variables g fW and 0 according to 

9;„ = 9^e 2 ’«, « = (3) 

where cr(0) and <&(0) are arbitrary functions of 0. In a new variables the action becomes: 

S= j d A x^g {<$>((t))Re 2a{4,) + 6(V0) 2 e 2ffW [$a' + $V + H($(0))e 4(7W } (4) 


Therefore we are able to transform the particular action ([2|) to the general form (jl ) with 

H(0) = 6e 2aW [ < Lcr / + $V, 5(0) = <h(0)e 2ff (5) 

It is quite reasonable to explore the inverse problem, that is to find the form of cr(0) and 
<b(0) that correspond to the given A(<p) and 5(0). One can hnd that in this case cr(0) and 
$(0) are dehned from the equations 

A = 65 ^! - 65 (< 7 i) 2 , 4 > = Be~ 2u ( 6 ) 


Substituting (|6]) into (|D we hnd that in a new variables the action have the form 

S = fd‘xX=9 {A(4>)sra^BA + B(4>)R+ (§) vwm (V 

where the last term is nothing but 0(0) from((l|) . 

It is easy to see that the above transformations lead to some restrictions on the functions 
A(p) and 5(0). Let us consider the special case of Einstein gravity that is to put = const. 
One can rewrite this condition in terms of H(0) and 5(0). Note that 

2AB - 3(50 2 = -3 (^) 2 (8) 

dcp 

Here and below the lower index show the order of derivative with respect to 0. For instance, 


B\ = 


dB 
dp ’ 



da 



etc. 


( 9 ) 


Hence it is clear that the case of 2H5 — 3(5i) 2 = 0 qualitatively differs from another 
ones. Let us now comment this amusing case. We start with the most simple example 
A — 1,5 = £0 2 where £ = |. Then the equation (|6|) can be easily solved and we obtain 
cr(0) = a 0 + In \p\ and <3> = ^e 2a ° = const. Next, substituting these expressions into ([?]) we 
hnd that in a new variables the transformed action has the form 


S = j d A xy/^g{g^d^pd u p + ^50 2 + A0 4 } 


( 10 ) 
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where A = e _4fT ° V(| e 2<T °). Thus we see that in a new variables the starting Hilbert-Einstein 
action (j2|) (remind that $ is constant here) corresponds to the conformally coupled scalar 
field 0. The extra scalar degree of freedom in ([H]) is compensated by extra symmetry - 
local conformal invariance. Both theories are equivalent on the classical level. On quantum 
level the conformal invariance of the theory ([10]) will be probably broken because of the 
non-invariance of the measure of path integral over the metric (see [[Ej for the discussion of 


this point in Weyl gravity. Indeed it is not completely sufficient, and the conformal version 
should be investigated separately). Thus the new anomalous degree of freedom starts to 
propagate and the equivalence of two theories can be violated. Let us notice that the same 
frame for Einstein gravity has been recently used in |3T]| for the investigation of 2+e quantum 
gravity. 

And so, all the theories (|]) can be divided into two sets. First set is labeled by 2 AB — 
3(Bi) 2 = 0, it is conformally equivalent to the General Relativity with cosmological constant. 
For the second set 2 AB — 3(Ri) 2 ^ 0. Such models are conformally equivalent to (|2]) with 
non-constant <f>. Below we shall deal only with the theories of the second type. On classical 
level the change of dynamical variables can be compensated by the change of the functions 
A(0), £>(0), 0(0). However, as it was recently discussed by Magnano and Sokolowski 0, the 
natural choice of the frame is preferable from physical point of view already on classical level. 
One can face the same situation in the quantum theory as well. To see this, let us consider 
one interesting particular case |23[]. If one put the potential term in ([?) in the special way 
and make the shift of the field $ = 0 — 0 O , where 0o = const then the resulting theory 


s= f { jV + W - <h) + A} (11) 

J 4 a 

is equivalent to the special version of higher derivative quantum gravity 

S — f d A xy/^g{ —aR 2 — — R + A} (12) 

J Gr 

However on quantum level it is so only if we do not introduce into the generating func¬ 
tional of the Green functions the external source for the auxiliary field 0. If one make some 
nonlinear change of variables like the conformal transform described above, the auxiliary 
field and the conformal factor of the metric are mixed and we likely lose the simple relation 
between ( ]T2| ) and (|TTp. 


3 The structure of the counterterms off and on mass 
shell 

The main purpose of the present paper is to investigate the theory ([[]) on quantum level 
within the one - loop approximation. The simple consideration based on power counting 
shows that the theory is non-renormalizable just as General Relativity. At the same time at 
one-loop order the last theory is renormalizable on mass shell [^3|] . This property holds even 


if the cosmological constant is included to the action |2D[ that enables one to apply some 
kind of renormalization group approach for it’s study Jl6[] . That is why it looks interesting 


to consider the renormalization of our theory on mass shell. The next reason to do this is 
the gauge and parametrization independence of the effective action on mass shell. 
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In this section we write down the classical equations of motion and the possible divergent 
structures, taking into account only the one loop order. Then we find some simple relations 
between counterterms and consider the divergent structures which are possible on shell. The 
equations of motion in the theory ([!]) have the form 


BR^ + g^ 




^- + 5i(°0) 


+ {A- 5 2 ) (V**0) (V"0) - B 1 CV"'V"0) 


0 


5 1 /? + Ci-kl 1 (V0) 2 -2kl(n0) =0 (13) 

Before going on to discuss the renormalization of the theory, one have to define the clas¬ 
sical dimension of the field 0. The form of the starting Lagrangian shows that there is some 
dimensional parameter M from the very beginning. One can introduce such dimensional 
parameter in a different ways, that corresponds to different classical dimensions of the scalar 
field 0. For instance, in the case of dimension-less 0 the arbitrary functions A, B, C include 
the dimensional parameter M in a trivial way A, B ~ M 2 and C ~ M 4 . On the contrary, 
if the dimension of 0 is chosen as unity, then (if we want to consider arbitrary functions 
A, B , C), they depend on the ratio jj. Of course the results of the explicit (one-loop in our 
case) calculations do not depend on this choice, and thus we can regard the dimension of 
0 according to our convenience. On this stage it is better to consider the dimension-less 
0. Then the arbitrary functions A, B , C do not contain the dimensional parameter M. An¬ 
other advantage of this choice is that 0 and metric have an equal dimensions and therefore 
the power counting in a dilaton theory is essentially the same as compared with General 
Relativity. 

If one is interested only in the one-loop divergences, then the counterterms contains the 
covariant terms of fourth order in derivatives. The most general action of this type has the 
form [[T|: 

r i' Zoop = - 167r2( ^_ 4) /^\/^[^C' 2 +c rJ R 2 + c 4 f?(V0) 2 + c 5 f?(n0) + c 6 R^(V, i 0)(V»+ 


+ C 7 R + C 8 (V0) 4 + Cg(V0) 2 (n0) + Cio(d0) 2 + Cn(V0) 2 + C 12 ] + (s.t.) (14) 

where C 2 = C^agC^ 01 ^ is the square of Wyle tensor and(V0) 2 = g^ V At 0 V„0. ”s.t." means 
’’surface terms”. All (^^,...,12 are some functions of A(0), 5(0), C(0) and their derivatives. 
One can easily check the following reduction formulas which show the surface form of the 


other possible structures [25 


c 13 (VAR)(V m 0) = -c' 13 5(V m 0) 2 - c 13 5(Q0) + {s.t.) 


ci 4 iV(V^0) = —c , 14 i? Alt/ (V /i 0)(V iy 0) + ic' 14 5(V0) 2 + ^c 14 5(D0) + {s.t.) 

c 15 (V»(DV,0) = -c' 15 (V0) 2 (D0) - 4(D0) 2 + 45^(V4)(V» + {s.t.) 

cie(V,V M 0) 2 = ^4(V0) 4 + ^4(V0) 2 (n0) + c 16 (D0) 2 - c 16 i4(V4)(V4) + {s.t.) 

C 17 (V"DV,0) = 4(V0) 2 (D0) + 4(O0) 2 - c' 17 4(v' i 0)(v» + { s . t .) 
c 18 (d 2 0) = 4(V0) 2 (n0) + 4(°0) 2 + ( s . t .) 

C 19 {DR) = 45(V0) 2 + 4i?(n0) A { s -t-) 
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(15) 


c 2O (V,0)(V /i 0)(V^V» = -ic' 2O (V0) 4 - i C2O (V0) 2 (D0) + (. s.t .) 

c 2 i(V»(V.n0) = -c' 21 (V0) 2 (d 0) - c 21 (n0) 2 + (s.t.) 

Here Ci 3) .. >2 i = Ci 3v . )2 i(0) are some (arbitrary) functions. 

Thus the power counting consideration and the account of symmetries show that the 
possible counterterms have complicated form and differs from the classical action. Therefore 
the theory is expected to be non-renormalizable off shell. Let us now discuss the renormal¬ 
ization on mass shell. For this purpose we shall apply the equations of motion (jT3|) and the 
reduction formulas (p~5|) and rewrite the counterterms (|T4|) and the classical action ([[]) in a 
maximally simple form. In particular, from the equations of motion ( |T3| ) one can get the 
following relations 

(V0) 2 = xR + y, ( C\(p)=zR + w 

(V Al V» = r(V^)(V^) + sR^ + tg^R + ug^ (16) 

where 

2AB — 3 Hi 2 


x((j>) = 
2 /( 0 ) = 
z(4>) = 


r( 0 ) = 

t((p) = 


w((j>) = 

A - 


-2A 2 -3A 1 B 1 + 6AB 2 
AAC-3B 1 Ci 
-2A 2 -3A 1 B 1 + 6AB 2 
— (B Hi) — A B\ + 3 B\ B 2 
-2A 2 -3A 1 B 1 + 6AB 2 
2CA 1 + AC 1 -3B 2 C 1 


2A 2 + 3A 1 B 1 
B 2 


B i ’ 

B Hi Bi + A Bi 2 


- 6 AB 2 

s <*> = f 

2ABBo 


u{4>) = 


2 B x (-2 A 2 - 3 Hi Hi + 6 H B 2 ) 
2H 2 C + CHiHi -2ACB 2 - AB 1 C 1 


(17) 


2 B 1 (2 A 2 + 3 Hi Hi - 6 H B 2 ) 

Next, combining the equations of motion ( 0 ) and the reduction formula for C 14 ( ]I5| ) we find 

1 1 


j d A x\f^g c 6 i? Atl/ (V M 0)(V t/ 0) = f d A x^g [ - c 6 xR 2 + -c 6 R+ 
+ /(0) [~sR% + (^rx + ^z-t^jR 2 + Q ry + ^w-uj 7?J] 


where /(</>) is solution of the following differential equation 

h(<P) + f(<P M<M - as(<t>) = 0 


(18) 


(19) 


Since the last equation have solution for any r(</>) and Cq((J)), we find that the on shell one 
loop divergences for our dilaton model © can be reduced to the form of higher derivative 
terms without explicit kinetic terms for the dilaton. Of course one can choose another basis 
and express everything in terms of dilaton structures only, removing the terms with higher 
powers of curvature. 
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4 One-loop calculations 

In this section we shall present the details of the calculation of the one-loop counterterms of 
the theory ([!]). For the purpose of calculation of the divergences we will apply the background 
held method and the Schwinger-De Witt technique. The features of the metric-dilaton theory 
do not lead to the necessity of some modifications of the calculational scheme, basically 
developed in the similar two-dimensional theory [^j] . 


Let us start with the usual splitting of the fields into background g MI/ ,0 and quantum 
/V, <p ones 

0 _► cj)' = 0 + ip , ^ g' flu + V ( 20 ) 

The one-loop effective action is given by the standard general expression 


T = - Tr In H 
2 


i Tr In II, 


ghost i 


( 21 ) 


where H is the bilinear form of the action ([[]) with added gauge fixing term and H g h. os t is 
the bilinear form of the gauge ghosts action. To perform the calculations in a most simple 
way one needs to introduce the special form of the gauge fixing term: 


s„ = j d 4 x^/—g X„ | X" 


( 22 ) 


where y /t = V a h“ + (3V g h + qV^, h = h£, h gv = h, w - \ hg tw and «,/?, 7 are some 
functions of the background dilaton, which can be tuned for our purposes. For instance, if 
one choose these functions as follows 


a = —B 


/? = -- 


7 = — 


Bi 

B 


(23) 


then the bilinear part of the action S+S g f and the operator H has especially simple (minimal) 
structure 

(5 + S g f ) ( - 2> = f d A x\f‘^g uHlo t 


H = KO + L p \7 p + M 


(24) 


Here u = {h gu , h, (fj and T means transposition. The components of H have the form 


L x = 








( 


0 

0 \ 









K = 


0 

B 

16 











V 

0 

Bi 

4 





/ 

Bi 

4 

gT\ 

+ 

2 g vP 

(g pT g aX 

_ g aT g pX 

)) 


(f- 

a) g pT g» x 

\ 





Bl QLT n 0X 

4 y y 





(7 - 

1 B 2 ) g^ x 


V 


( 

A 

b 2 

2 

) g aT g 

3A 



(f - 7) 9 rX 

(Bl 

\2B 

- A) l g rX 

) 


(V T 0) 







/ (□</»)+ (f-4) ( V 0) 2 -f) 

+g uf} (-B 1 (V»V a </>) + (A - S 2 ) (V^)(V“$) 


M = 


+#(- 


(-5 lwal3 R + 2g u ® RM° + 2R» au P) 
(V Q V^) + ^(V a 0)(V^) 


% (WV» 

0 + (f - #) (V^)(V» 


_B±rhv 


-lB 2 m 


Mi 

4 


C. 

16 


+ 


- (f - IBs) (V0) ! 

. JL. P_L Cl 


+ ^ + 


A 


V 


(v Q V^) + 4 L (V“<^)(V /3 0) - 


+ F W) c 

-i— Mi Rj.ki 

^ 8 -H- ^ 4 


-Ai(D^) 
-# W) 2 


+ ^ii+ 2 


C 2 


Tr In II = Tr In A' + Tr In (in + A 'U'Y,, + k~ l M\ 


(25) 


The bilinear form of the ghost action also has the minimal structure 
//,*.»< = s'" 0 + 7 (V» V'‘ + 7(V“V“^) + JP" 


(26) 


C?/j 


43 


120 


X ’ 


X = 2AB - 3B\ 


C r = 


X 2 


^{76 A 2 B 2 - 132 A BBA + 171 5^) - ^(5 (2 A B + 9 S 2 ) + ^(B 2 B 2 2 ) 


c 4 = 


X 3 


(128 A 4 B 4 + 8AB 5 AA - 144 A 2 B 4 A 1 B 1 - 1552 A 3 B 3 B 


24 B 2 


Bo 


6 B 


+36 B 4 A i 2 5+ + 312 71 E 3 Ai 5+ + 5208 A B 1 BA - 6786 ABBA + 3159 BA) 

80 A 3 B 3 - 6 B 4 T^ 2 -2AAB 3 A 1 B x + 402 A 2 B 2 BA - 54 B 2 7^ Ex 3 ■- 810 A B B{ i 


+459 BA ) + 2 (2 7l 2 E 2 + 3 B 2 A x B 1 + 12 A B BA - 9 5i 4 ) B 2 2 - 6 A B 2 B 2 3 


c 5 = 


X 2 


12 B 


(4 AB A 1 - 128 7l 2 B 2 B 1 + 18 B 2 A 1 BA + 270 A B BA - 225 B 1 


c 6 = 


X 2 


+^y(-2 B 2 A 1 + 4ABB 1 + 3 BA 

TD 

-A(8AB 3 A 1 -4A 2 B 2 B 1 -6B 2 A 1 BA + ‘22AB BA 


15 BA 


The next problem is to separate the divergent part of Tr In H. To make this we rewrite 
this trace in a following way. 


One can notice that the first term does not give contribution to the divergences. Let us 
explore the second term which has standard minimal form and can be easily estimated with 
the use of standard Schwinger-DeWitt method [[ZT], [X| (see also [^2] for technical introduction 
and more complete references). 


and it’s contribution to the divergences can be easily derived with the use of the standard 
methods. 

Summing up both contributions we find that the one-loop divergences have the form (|T4|) 
that is in a full accord with the power counting consideration. The coefficient functions c 
have the form 
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+ ^(-8 A 2 B 2 + 2 B 2 A B l + 4 A B B-? - 3 B X A ) - AABB 2 2 

c 7 = 4 [^-(26A 2 5 2 C-85A5C5x 2 + 63C5x 4 + 35C5i 2 5 2 
X 1 L3 B 

+8 AB 2 B 1 Ci - 6 5 2 Bo Ci) + ^—^-(—2 AB-9 Bi 2 + 6B5 2 ) 

6 

c 8 =-^—- [2560 A 6 B 6 - 448 A 3 B 7 A 2 + 16 B 8 A x 4 + 256 A 4 B 7 A 2 

32 B 4 X 4 L 

+2432 A 4 B 6 A 1 B 1 - 22528 A 5 5 5 5x 2 + 1280 A 2 5 6 A 2 5x 2 - 1152 A 3 B 6 A 2 5x 2 
-17120 A 3 B 5 Ax Bx 3 + 96 B 6 Ax 3 5x 3 + 81568 A 4 B 4 Bx 4 - 880 A B 5 Ax 2 B x 4 
+1856 A 2 B 5 A 2 fix 4 + 42016 A 2 B 4 Ax 5x 5 - 158592 A 3 5 3 B x 6 + 168 B 4 Ax 2 Bx 6 
-1248 A B 4 A 2 5x 6 - 43512 A 5 3 Ax fix 7 + 176976 A 2 B 2 Bx 8 + 288 B 3 A 2 Bx 8 
+16416 B 2 Ax Bx 9 - 108144 A B Bx 10 + 28323 5x 12 - 2048 A 5 B 6 B 2 
+224 A 2 B 7 Ax 2 B 2 + 128 A 3 B 7 A 2 B 2 + 4480 A 3 B 6 Ax Bx B 2 - 15248 A 2 B 5 Ax fix 3 5 2 
+14208 A 4 5 5 Bx 2 5 2 - 1408 A B 6 Ax 2 Bx' 2 B 2 - 448 A 2 B 6 A 2 B x 2 B 2 - 192 5 7 Ax 3 Bx B 2 
-28416 A 3 5 4 fix 4 5 2 + 744 B 5 Ax 2 Bx 4 5 2 + 480 A B 5 A 2 Bx 4 B 2 + 13680 A B 4 Ax B x 5 5 2 
+9696 A 2 5 3 Ex 6 5 2 - 144 B 4 A 2 Bx 6 B 2 - 2628 B 3 Ax Bx 7 B 2 + 21672 A B 2 Bx 8 B 2 
-15444 B Bx 10 B 2 + 1792 A 4 B 6 Bo 2 + 192 A B 7 Ax 2 B 2 2 + 60 6 24 A 2 B 4 Bx 4 B 2 2 
-19328 A 3 B 5 Bx 2 5 2 2 + 576 5 6 Ax 2 5x 2 5 2 2 + 7776 A B 5 Ax 5x 3 5 2 2 - 928 A 2 5 6 Ax Bx B 2 2 
-6984 B 4 Ax Bx 5 Bo 2 - 69120 A B 3 Bx 6 Bo 2 + 25380 B 2 B x 8 Bo 2 + 128 A 3 B 6 5 2 3 
-1152 A 5 6 Ax Bx 5 2 3 - 3072 A 2 B 5 Bx 2 B 2 3 + 3888 5 3 5x 6 B 2 3 + 576 A 2 B 6 5 2 4 " 

+ —[-10 AB 3 Ax — 24 A 2 5 2 Bx + 19 5 2 Ax fix 2 + 36 A 5 fix 3 
4 A 2 L 

—6 B\* + 8 A 71“ Tlx -02 — 36 B Bx 3 B 2 

Cg = — I— [-16 A 3 B 5 Ax + 8B 6 Ax 3 + 576 A 4 B 4 Bx - 16 A B 5 Ax 2 Bx 
8 B 6 X 6 1 

+160 A 2 B 4 Ax Bx 2 - 2960 A 3 B 3 Bx 3 + 12 B 4 Ax 2 Bx 3 - 324 A B 3 Ax B x 4 
+5400 A 2 B 2 Bx 5 + 90 B 2 Ax Bx 6 . - 4176 AB Bx 7 + 1107 Bx 9 
+56 A 2 B 5 Ax B 2 + 960 A 3 B 4 Bx B 2 - 48 B 5 Ax 2 B x B 2 - 144 A B 4 Ax Bx 2 B 2 
-4032 A 2 B 3 Bx 3 B 2 + 234 B 3 Ax Bx 4 B 2 + 6228 A B 2 Bx 5 B 2 - 3186 B Bx 7 B 2 

+48 A B 5 Ax Bo 2 - 240 A 2 B 4 Bx B 2 2 + 216 A B 3 Bx 3 B 2 2 - 108 B 2 Bx 5 B 2 2 } - — 

J B 

cxo = — UB 3 Ax(BAx - AABx) + 125 2 5 2 (18A 2 - AxB x ) + 5 4 (3875 2 - 528715)1 - § 
8T1+A+ L J n 

di = - B ] — [(64 A 4 B 4 + 16 A 2 B 4 Ax Bx - 832 A 3 B 3 Bx 2 - 40 5 4 Ax 2 Bx 2 

+16 A B 4 A 2 5x 2 + 40 A B 3 Ax B x 3 + 3176 A 2 B 2 Bx 4 - 24 B 3 A 2 5x 4 - 24 B 2 Ax 5 X 5 
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-4356 A B 5i 6 + 2070 B i 8 - 96 A 3 B 4 B 2 + 40 A B 4 Ax B x B 2 + 160 A 2 B 3 Bx 2 B 2 
+84 B 3 Ax Bx 3 B 2 - 420 A B 2 Bx 4 B 2 + 234 B B x 6 B 2 - 72 A B 3 Bx 2 B 2 2 + 36 R 2 Bx 4 B 2 2 ) 
+ (-16 A 2 B 5 Ai + 96 A 3 R 4 + 80 5 5 V - 32 A B 5 A 2 Rx - 56 A R 4 Ax Bx 2 
-808 A 2 R 3 5! 3 + 48 R 4 A 2 Ex 3 - 24 B 3 Ax Bx 4 + 1140 A B 2 Bx 5 
-612 B Bx 7 -A0AB 5 Ax R 2 + 224 A 2 B 4 B x B 2 - 228 B 4 Ax B x 2 5 2 
+108 A R 3 5x 3 B 2 + 54 R 2 5x 5 B 2 + 120 A B 4 Bx B 2 2 - 36 B 3 Bx 3 B 2 2 ) Cx 
+ (64 A 3 B 5 - 20 R 6 Ax 2 + 8 A B 6 A 2 -16A B 5 Ax Bx - 112 A 2 B 4 B x 2 
-12 R 5 A 2 Bx 2 + 60 B 4 Ax Bx 3 + 120 A B 3 Bx 4 - 45 B 2 Rx 6 - 16 A 2 B 5 R 2 
+72 R 5 Ax 5x R 2 - 48 A B 4 Bx 2 B 2 - 72 B 3 Bx' 4 R 2 - 24 A B 5 5 2 2 ) C 2 " 

C 3 


C 


2X 2 L 


2B 2 Ax- AAB Bx-3Bx 


c 12 = 


X 2 


— (20 A 2 5 2 C 2 


56 715 C 2 5x 2 + 41 C 2 5x 4 - %AB 2 CBx Cx + 


5 2 C 2 


+4 A B 3 Cx 2 + 2 B 2 Bx 2 Cx 2 ) + 2 5i (C 5x - 2 5 Cx) C 2 + 4 5 C 5x 3 Cx 


(27) 


Let us now make some comments concerning the above result. The one loop divergences 
(JTU), (|27|) essentially depend on the choice of the functions A(4>), C(4>) in the starting 


action ([!]) . In particular, this dependence concerns the c w and c r functions, which correspond 
to the terms with the second powers in curvature tensor. The above expressions are valid 
only in the case X = 2A B —3 Bf =7 0. For X = 0 the calculational scheme must be modified 
because of extra conformal symmetry. In this case one has to introduce the additional gauge 
fixing condition for conformal symmetry. It is easy to see that if such condition is taken in 
the form h — 0 then the degeneracy of K is removed. 

The curvature squared terms in (^7j) are in a good accord with the same terms calculated 
earlier in |^3|. The direct comparison of (27) with the results of other authors is difficult 
since they have used different choice of quantum variables. 


5 One-loop finiteness and renormalizability on shell 

And so we observe that the one-loop divergences in the theory under discussion have rather 


complicated form, and include all possible structures of the action fll4|) . In this respect the 
theory is similar to General Relativity, where all possible counterterms also appear |23|]. It 
is well known that in the last case all the counterterms disappear on mass shell. Therefore it 
is interesting to consider the divergences (|27| ) when the equations of motion ( |T3| ) are taken 
into account. Then, with the use of (|T7D and ([18]) we obtain the one loop divergences in the 
form 

1 


-pi —loop 

on—shell,div 


= — / d x 


k w C k rr R -f- k r R -f- ki 


(28) 


where e = (47 t) 2 (n — 4) and the values of coefficients are 


h{4>) = c 12 + c 10 w 2 + c n y + c 9 wy + c 8 y 2 
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. , „ fw 

K r {(p) = Cq — J U + C5 W H- - - b Cu X + Cg W X+ 

CeV fry 

+ c 4 y + — -+ 2 c 8 xy + 2 c 10 wz + c 9 yz 


1 f s r,, , C 6 X frx 2 , . /^ . . 2 

k rr {4) = c r --- ft + c 4 x + — ---b c 8 X + c 5 z + — + Cg X z + c 10 z 


k w (4 0 = C w ~ ^ (29) 

and x,y, z,w,t,u, f have been defined in (|I7|), (|l^). It is very important that the values 
of k W)Tr ^ r) i do not depend on the choice of gauge fixing. From this follows that the finite 
solutions which we find below are independent on gauge and therefore good defined. 

The divergences in the higher derivative dimension-less sector do not depend on the 
dimensional function C{4>) and therefore can be analyzed independently on the others. Let 
us start the search of finite solutions with the higher derivative structures and consider the 
equations k w = o and k rr = 0. In order to find the solutions we must solve these differential 
equations that looks extremely difficult problem. However one can see that the divergent 
coefficients (0) possess some homogeneouty. Taking this into account one can successfully 
find the finite solutions. In fact we have found three finite solutions of power type 


A{4>) = a4 m , B{4>) = b(j) m+2 (30) 

with different real values of m and of the ratio f. 

0 


K 7 -) = (-23.4851..., 1413.45...), 
b\ 

(31) 

(m 2 ,^) = (-0.526300..., 2.72924...), 
b-2 

(32) 

(m 3 /—) = (-0.317820..., 4.09345...) 
h 

(33) 


The conditions k w = o and k rr = 0 do not fix the values of the constants a, b but only their 
ratio. Let us notice that the algebraic equation for m is of fifth order and therefore the 
fact of existence of real solution is independent of the numerical details in the expression 
(|27|). Thus we have found the form of the functions A((f>) and for which our dilaton 

model without cosmological term C(4>) is finite on shell. Note that C{<p) term doesn’t give 
contributions to the higher derivative counterterms due to it’s dimension. However, if this 
term is included, situation becomes a little bit more complicated. 

If we substitute the expressions (|3(]) into the classical action ([!]), then the term, linear 
in curvature, is equal to zero. Thus the theory under consideration can be renormalizable 
on shell only if k r = 0 . Therefore we must choose C(4>) in such a way that the counterterm, 
linear in curvature, is lacking on shell. 

If we choose C{4>) = c0 2 ^ m+2 ^ (that corresponds to the same power of (f in both C(4>) and 
counterterm) then the classical action of the theory has the form 


S 


d A x\/—g 



(34) 
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and the on shell divergences are 


-pi —loop 
1 on—shell, div 


CTX 


Sl b 


im +2 


R + S 2T^<- 
b 2 


(m+2) 


(35) 


167r 2 (n — 4) 

where si,s 2 have the approximate numerical values (here and below we omit dots) 

(si,s 2 ) = (1.45386,0.05772), (-0.55182,-3.95364), (-0.105262,-3.06052) 

for the solutions ©-© correspondingly. Thus for this choice of C(0) the theory is not 
renormalizable even on mass shell. Hence we have to look for another values of the power. 

Substituting (30) into the expression for Ay we obtain the ordinary differential equation 
for C((f)). 

Ao0 3 C3 + Ai0 2 C2 + A 2 4>C\ + A 3 O = 0 (36) 


. For three versions of (m, 
correspondingly, the constants A 0 i i, 2,3 have the following values: 


Here the indices stand for the derivatives with respect to (j> 
given in (|31|), (|32|) , 


A 0 = -2.49128, Aj. = -813.35, A 2 = -6170.03, A 3 = 1310940 (37) 

A 0 = 1.25083, Ai = -7.41961, A 2 = 13.6904, A 3 = -4.71357 (38) 

A 0 = 2.94653, Ai = -23.1234, A 2 = 60.081, A 3 = -50.1804 (39) 

The equations (|36|) can be easily solved in the form 

+ U 2 ^ a + Li 30 fcl3 (40) 

where C((d) corresponds to and L 11)12) ... j 33 are arbitrary integration constants and the 


following powers correspond to coefficients (|37|) , 

k n = 35.4101, k 12 = -47.7636, 

k 21 = 5.77717, k 22 = 0.222461, 

k 3 1 = 3.36417, k 32 = 0.752027, 


fci 3 = -311.125 

k 23 = 2.93212 
k 33 = 6.73149 


(41) 

(42) 

(43) 


The above solutions give the form of the function C{<p) which provide the absence of 
the non-renormalizable k r R type counterterm. The only structures which survive on shell 
in both classical action and counterterms are the potential ones. In this respect the theory 
under consideration is sharing the corresponding property of the Einstein gravity, where the 
only cosmological term remains when one uses the equations of motion. In the Einstein 
gravity with cosmological term this leads to the renormalizability of the theory on shell and 
enables one to consider the renormalization group equation for the cosmological constant. 

Let us do the same and consider the renormalization of the potential function C((/))■ We 
consider only the simple case of C{<p) — L(j) k that is take two of L’s equal to zero, and the 
third arbitrary. The renormalization of the potential function follows from ©, ([^), ® 
and has the form 

1 Q L 2 


L<°> (0 (o) ) fc = (I' 


n —4 


+ 


i2k—2m—A 


b 2 


(44) 
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Here we have included the factors of dimensional parameter /j related with the use of 
dimensional regularization. Q is some number, which depends on the ratio of a and b. The 
values of Q which correspond to the Afs from (41) - (fk|) and m’s from ([H]) are 


10.2275, 

Q 12 = -1.51342, 

Q 13 

= 1249.04 

(45) 

19.7562, 

Q 22 = 26.9177, 

Q 23 = 

-1.39468 

(46) 

-1.42338, 

Q 3 2 = 268.66, 

Q 33 

= 664.993 

(47) 


It is easy to see that the potential type divergences can not be removed by the transfor¬ 
mation of L but only by the following renormalization transformation of scalar held (ft. 


re —4 

= 11 k 


+ 


1 Q(a/b ) L 
£ kb 2 


ik—2m—3 


(48) 


The relation ([H[) does not enable us to find the dimensions of both L and (ft. Since all 
three terms in (|44| ) have (if n = 4) dimension 4, we can easily obtain two equations for 
dimensions d^ (dimension of constant b) and d^. 


d L + k dfi = A 

di + {k — m — 2) d<j, — db = 2 

Another equation for these dimensions comes from the starting action 

db {m + 2) dff, = 2 


(49) 


(50) 


together with d a = However the last three equations are dependent and thus we only 
can express the dimensions of a, b , L via d ( p. 

The renormalization relation 


together with (149| ) and (|50|) enables us to explore the 
renormalization group equations for the effective charges, he renormalization group function 
for the scalar held (ft is defined in a standard way and has the form 


l<t> = d 


d (ft 

dji 


n 


k 


+ 


(4tt) 


Q(a/b ) L 
b 2 k 2 


{k — 2m — 4) (ft‘ 


k—2m—3 


(51) 


Since we consider the four dimensional theory the hrst term in the rhs can be omitted and 
thus we arise at the following renormalization group equations for L(t ) and (ft(t ) 


(4t)2 ii = (kd *~ 4)L 

m) 2 - (k-2m- 4) 4> k - 2 '“- 3 - d t <A (52) 

Indeed one can easily write the similar equations for a(t) and b{t). Since these constants are 
not renormalized, their values depend on scale only due the classical dimensions. Since all 
these dimensions are ill defined the equations looks rather artihcial. The only way to extract 
some information is to consider the quantities with definite dimension. 

One can see that in the theory under consideration all the on shell divergences can be 
removed by the renormalization of the clilaton held. As a result there are the nontrivial 
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renormalization group equations for 0 which acquire the anomalous dimension. The scale 
dependence of the parameters a, b , L and the field 0 leads to the effective running of the 
cosmological constant. To see this let us consider the effective potential of the scalar field. 
Upon the normalization conditions are introduced, the effective potential has the form 


K// = £ P 


£ 771+2 


R 


1 + (m + 2 ) 7 In 


i+(0) 

A 


+ L 


1 + k 7 In 


M00) 

A 


(53) 


where M 00 ) are the effective masses, which are the eigenvalues of the operators (^4|) and 
(|26| ) and the algebraic summation is performed according to rule H is the dimensional 
parameter of renormalization, and 7 is the renormalization group function for dilaton ([51]). 
Since we are interested in the qualitative scaling behavior of the Newtonian and cosmological 
constants the logarithmic corrections in (|53p are not relevant and one can deal with the 
renormalization group improved classical potential of the theory. 


v imr = hit) <p m+2 (t )« + m <p k (t) 


(54) 


One can easily see that for some of the solutions (phT] j - (|13|), ( PT| ) - ( p 8 | ) for the potential 
( |54|) it is satisfied the criteria of the second order phase transition 


dV, 


imp 


d(j) 


= 0, 


d 2 V- 

^ v imp ^ ^ 

~w~ 


(55) 


The first of ([55]) leads to the relation between critical values of scalar held and curvature 

Lk 


R c = 


ik—m—2 


b(m + 2 ) 


(56) 


and the second impose the restriction k — m > 2. The last condition is satisfied for the 


models with £71+21+23+31+33 (H 3 ) ~ (EH) anc ^ corresponding values of m in (|3l|) ■ 

Note that the stability of vacuum at classical level require positive k , m + 2+ and negative 
L. Thus the value of ku is not compatible with physical requirements. However another 
four models are and thus our theory allow the second order phase transitions. In the point 
of minima 0 O the renormalization group improved classical potential has the form of the 
Hilbert - Einstein action 


'drain. / d A x^g {- 


G 


ind 


R + Rind} 


(57) 


where the induced values of Newtonian Gi n d and cosmological A in d constants are defined 
as G^nd = b 0o * +2 and A in d = L <+ Since the parameters b and L are not renormalized 
the scaling dependence of G+d and A in d is caused by the only renormalization of dilaton 
( |48| ) and by the classical dimension of the constants, which are well defined in the case. 
Since the classical dimension will surely dominate in the renormalization group equations 
for Gi n d and A in d, it is reasonable to rewrite the renormalization group equation (|52|) in terms 
of dimension-less parameter r]{t) = Ai n d(t ) G 2 nd (t). The equation for r]{t) has remarkably 
simple form 



(k — 2m — 4 ) 2 

V 2 


Q(a/b ) rj 2 


(58) 
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which indicate to the standard asymptotical behavior of this parameter. And so the scaling 
behaviour of the induced cosmological constant is defined by the sign of the number Q(a/b). 
One can see from ([f5|) - (3.231) that for the physically relevant solutions with &33 from 
(HID, (f43|) the value Q is positive. In these models the effective cosmological constant decrease 
at low energies. Thus we observe that the quantum effects in these versions of theory under 
consideration describe the vanishing of the cosmological constant in far IR. As a result the 
observable low energy value of the cosmological constant is small as compared with the high 
energy value. 


On the countrary, for k 2 3 ,k 3 i (f 42|) , (£k|) the sign of Q is negative and the 
effective cosmological constant decrease at high energy scale. 

And so we have found that the model (]T|) leads to the effective running of the cosmological 
constant if the last is measured in the units of the Newtonian constants. Earlier the running 
of these couplings has been in the framework of Higher derivative models [|32|], in the gauge 
models on external classical background [[k| and also in the higher derivative dilaton model 
□ The interesting property of our model is that here we observe qualitatively different 


asymptotical regims. In this respect the theory of one loop quantum dilaton gravity share 
the features of the higher derivative dilaton model |25| . 


6 Interaction with matter fields 


In the previous sections we have shown there are some special versions of the general dilaton 
model (|I|) which are renormalizable on shell at one - loop level. In spite of that the expression 
for counterterms (^7)) is very cumbersome (one can truly say terrible) all those counterterms 
vanish on shell if the starting functions are chosen in a special way. Thus the special cases 
( |27| ) - (HID, (|2|) - (|43D are sharing the same property of quantum Einstein gravity (with 
cosmological constant), which is also renormalizable on shell |23], H9- However in the last case 


the interaction with matter fields leads to the violation of one loop on shell renormalizability 
|34| . In this section we show that for our dilaton model it is also the case. If the matter 
fields are included the arbitrary functions A((j)), B(<fi) can not be fine tuned in such a way 
that the on shell higher derivative counterterms vanish. 

Below we consider this in some details. One can suppose for simplicity that the matter 
fields action is composed by the vector fields only, and that the action of matter fields has 
the standard form and matter fields do not interact with the dilaton field (j) directly, but 
only via metric. Thus we consider the most simple case which corresponds to the first work 
34| when the gravity was described by the Hilbert - Einstein action. According to (34 


m 


he renormalizability of the Einstein - Maxwell system is violated by the counterterms like 
T,,„ T^ and R^ u T^ v . Here T IJU is the Energy - Momentum Tensor of the matter 


- fW 


- /J,1S 


2 5S m 
s/=9 Sg^ 


which is traceless in four dimensions T /ti , g= 0 that reflects the conformal invariance 
property of the matter fields action. 

The contributions of matter fields and the ones of ” mixed sector” to the one loop coun¬ 
terterms in our metric - dilaton gravity (after the renormalization in a matter fields sector, 
however for vectors it is not necessary |Q) Had to the following change of the counterterms. 
The general form of the divergences fll^p is changed because of T )IU T^ v and R^ u T^ terms, 
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and moreover coefficient c w acquire the addition 


N v N f 

H-- H-- 

10 20 


(59) 


and 


The contributions to c r are forbidden by conformal invariance (see, for example, | 
others are lacking because the matter fields decouple from dilaton. 

Let us now discuss the on shell renormalization which is a little bit more complicated. 
The first of the classical equations of motion ( |H]| ) acquire the additional term | T^ u on the 
rhs. However the second equation (O) remains unchanged as well as the trace of the first 


one. The transfer on shall is performed with the use of the formulas (|16|) - fll9|) . Since (|16|) 
and ([[7]) are based just on the second equation (p~3| ) and on the the trace of the first one, we 
conclude that for the theory with matter (|I6|) and (|l7i) are the same as in a pure metric - 
dilaton gravity. The detailed analysis show that the equation (|T9| ) is also the same. However, 
the expression (|18|) changes according to 


sR^BT - sR„ v RT - RT T, 


/IV 


(60) 


Therefore there is following contribution of the matter fields sector to the on shell divergences 

(61) 


sr = -hl d ‘^i f)^ T ' 




which has to be added to (|28|) together with original T^ u and R^ v T^ terms. Moreover 

one must take into account the numerical change in k w which corresponds to (|k|) and (f29l). 

Thus if we try to cancel the higher derivative on shell divergences by choosing the func¬ 
tions A and B we face the more difficult problem than we have met in Section 5. As it was 
already pointed out there, the equations k w = k rr = 0 have real solutions and therefore the 
R 2 type counterterms can be removed. However the T^ u and R Mi , T^ v structures survive 
and we already do not have free parameters to cancel them. Thus one can observe that the 
on shell renormalizability is lacking in our metric - dilaton theory just as in purely metric 
gravity |34|. Moreover the renormalizability is violated by exactly the same two structures 
which are related with the traceless Energy - Momentum Tensor of the matter fields. 


7 Two special cases 

In this section we briefly discuss two special cases of the theory ([I]) which are of special 
physical interest. One can consider this part of the paper as some kind of quantum gravity 
phenomenology. 

i) Let us consider the theory ( |TT| ) that is classically equivalent to the special version of 
higher derivative quantum gravity 0 ). The transfer to quantum theory can be performed 
by introducing the generating functional of Green functions. If one introduce the external 
source for the auxiliary scalar field q 1, then the direct link between two models (|T 2 | ) and (pT|) 
will be lost. Therefore if we like to have such a link, the external source must be introduced 
for the metric only. If we consider the effective action in a background gauge, then the lack 
of external source for scalar corresponds to the lack of the background scalar field. In this 
case the only counterterms in the theory are the ones of the c w , c r , C 7 , Cu type in (p~ 4 |) and 
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only one of them, namely c w , violate the renormalizability. If we restrict ourselves by only 
the conformally flat background, then the theory is renormalizable and we can construct 
the renormalization group equations for the effective couplings a(t),G(t),A(t). The study 
of these equations show that the theory possesses cosmologically acceptable regime and, in 
particular, the quantum effects lead to exponential decrease of a(t) and A (t) at high energies 
m- Indeed the additional restriction on the background metric is not completely consistent 


from formal point of view. On this way we remove the divergent diagrams with massive spin 
two particles by hands. On the other side, in higher derivative gravity the existence of these 
particles (which have the wrong sign of the kinetic term and thus are unphysical) lead to the 
well known unitarity problem, so their removal here is not much worst then the existence. 
The detailed analysis of the renormalization group equations in the model (|l^) and their 
cosmological consequences will be given in 
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ii) Another interesting particular case is related with another extra condition on the 
background. One can suppose that the background scalar field is varying slowly as compared 
with the metric, and remove all the terms with the derivatives of scalar. Then we find that 
the only types of the counterterms which survive are the same as in the previous case. The 
next natural step is to look for the solutions of the equations c w = c r = 0 and so construct the 
theory with renormalizable potential. We have explored the (]3^) form of the functions A(0) 
and -B (</>)• It turned out that the equations for a, b , m following from c w = c r = 0 condition, 
do not have real solutions, and hence this idea doesn’t work. At the same time the above 
equations for A((p) and £>(</>) are ill defined because the conditions c w = c r = 0 depend 
on the choice of gauge fixing parameters. The possible way to remove this dependence is 
related with the use of the Vilkovisky’s unique effective action |35| which coincide with the 
conventional effective action on shell, but differs off shell. Within this scheme we shall get 
the equations for A(0) and 5(0) which have the structure similar to above but with different 
numerical coefficients. One can suppose that taking into account the Vilkovisky corrections 
to the divergences, we can get the real solutions and to construct the dilaton theory with 
renormalizable potential. 


8 Discussion 

In this paper we have considered the different aspects of the one-loop renormalization in the 
theory We have shown that the models of this type can be divided into two classes - 
models of one are conformally equivalent to the general relativity and also to the conformally 
coupled to gravity scalar field. The models of second class are conformally equivalent to the 
model (^!) with non-constant <f>, and any model of this type can be related to another one 
by some change of variables together with some change of potential function. 

The one-loop calculations have been carried out for the general model ([!]) in original 
variables, with the use of background field method and some calculational improvements 
basically introduced in similar d = 2 theory. Our calculational method does not need the 
conformal transformation of the metric and therefore is applicable (with minor standard 
modifications) to the higher derivative dilaton model which has been recently formulated in 
p5| , m ■ The theory under consideration leads to a very cumbersome divergences and hence is 
non-renormalizable in usual sense. At the same time if the cosmological (or potential) term 
C(0) is lacking then the theory with the fine tuned functions A(0) and 5(0) is finite on 
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classical equations of motion, that is possesses the same property as general relativity. If the 
potential term C (0) is included the theory is renormalizable on shell, and the divergences can 
be removed by the renormalization of the dilaton field. Summing up, we have constructed 9 
versions of the model (HD with 


A(0) = a(j) m , B(cf>) = b(j> 


m+2 


C(0) = iAjf 


with | ,m,k defined in (|33| ) - (|33|) , ([41]) - (f43|) . All these versions have qualitatively the 
same renormalization property as Einstein gravity with cosmological term. They are non- 
renormalizable off shell and renormalizable on shell. If the matter fields are included, then 
the on shell renormalizability is lost. The higher loops are expected to violate the on shell 
renormalizability because of appearance of the counterterms with third powers of curvature. 
The one loop renormalizability of the theory enable us to apply the renormalization group 
method for it’s study. It turns out that the effective potential of the theory indicate to the 
possibility of the second order phase transitions and in the point of minima the potential has 
the form of the Hilbert - Einstein action with both Newtonian and cosmological constants 
depending on scale. It is important that the results of our analysis are independent on the 
choice of gauge fixing condition because we consider the on shell renormalization (see EH 
for the most complete investigation of the gauge dependence in quantum field theory. 

The one-loop calculations in the model ([!]) have been recently published in |U|. In this 
paper, by use of transformation like (|3]) (the special form of these transformations had been 
originally introduced in [^] for this purposes) the general model is reduced to the special 
case with A — — |, B — const, and then the divergences are calculated in a special variables 
which correspond to this reduced model. We have performed the calculations in an original 
variables, and in this sense our result differs from the one of [[^J. In particular, the use 
of original variables allows the direct application to the model (|ll]). Next, if considered off 
shell, our counterterms differ from the ones, derived in m because of different choice of 
quantum variables. This difference indicate to the parametrization dependence of all the 
counterterms. As a consequence, the generalized beta functions, which have been derived in 
are likely to be parametrization (and probably gauge) dependent. This fact is a direct 
consequence of the non-renormalizability of the theory in standard sense. 

The calculation in original variables is especially important for the study of f?+f? 2 -gravity. 
On quantum level this model is equivalent to some version of ([!]), but only in original field 
variables, since in the last case one can avoid the introduction of the external source for the 
auxiliary scalar held. Introducing an extra constraint on the background metric, one can 
derive the renormalization group beta functions and explore the asymptotics of the effective 
charges 
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